
Abstract

In this dissertation we investigate convolution semigroups of probabilistic measures on the He-
isenberg group Hn, that is manifold Rn ×Rn ×R with multiplication

xy = (x1, x2, x3)(y1, y2, y3) = (x1 + y1, x2 + y2, x3 + y3 +
1
2

(x1 · y2 − x2 · y1)).

They have already been studied, also with more general setting of nilpotent Lie groups, by Wrocªaw
mathematicians among others. Semigroups of measures on the Heisenberg group are characterized
by their generating functionals which are exactly generalized laplacians. Generalized laplacians on
Hn are the same as on the abelian group R2n+1.

In our work, we consider semigroups whose generating functionals satisfy conditions of admissi-
bility. Such conditions are expressed in terms of their Fourier transforms, i.e. associated continuous
negative de�nite functions. An example of admissible generalized laplacian is

〈Γ, f〉 = cn

∫
R2n+1\{0}

f(x)− f(0)

‖x‖
2n+1
2

K 2n+1
2

(‖x‖)dx, f ∈ C∞c (R2n+1),

where K is the modi�ed Bessel function of the second kind. Then we have −Γ̂ = log(1 + ‖ξ‖2). In
the setting of the abelian group Γ is the generating functional of the so-called symmetric gamma
semigroup. In this work we present also a quite large class of admissible generalized laplacians.

Let P be the generating functional of a semigroup of measures µt on the Heisenberg group and
also the generating functional of a semigroup of measures νt on the abelian group R2n+1. We prove
estimates of the di�erence of the transforms µ̂t − ν̂t (and their derivatives) and show that they are
small with respect to the space variable ξ ∈ R2n+1 and the time variable t > 0. This leads to our
main theorem which says that the di�erence between measures µt and νt agrees wich a function kt
which is smooth outside zero and for all t < 1, all N ∈ N and all α ∈ N2n+1 satis�es

|∂αkt(x)| ¬
{
cn,αt

2‖x‖−(2n+1)+2−|α| for ‖x‖ ¬ 1,

cn,α,N t
2‖x‖−N for ‖x‖ ­ 1.

As an application we get some conditions for the measures µt to have densities in L1 or in Lp. We
also apply the above estimates obtaining pointwise estimates for densities of semigroups of measures
on the Heisenberg group. In particular, for the generalized laplacian Γ, we can deduce the following
estimates

vt(x) ¬ cnt‖x‖−(2n+1)+2t, ‖x‖ ¬ 1, t < 1,

or the asymptotic behaviour for t < 1,

vt(x) � t‖x‖−(2n+1)+2t, ‖x‖ → 0.

One of the more important tools which is used in the work is a symbolic calculus for convolution
operators on the Heisenberg group which is similar to the symbolic calculus of pseudodi�erential
operators. The idea of the calculus consists in describing the product a#b = (a∨ ∗ b∨)∧ for some
classes of symbols. One of the obstacles in extending the Weyl calculus to general nilpotent Lie
groups is the lack of a formula allowing one to calculate the derivatives ∂α(a#b). We �nd such a
"Leibniz rule" on two step nilpotent Lie groups which includes the Heisenberg group.
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